With a GPS receiver onboard an airplane, the airborne RO (ARO) technique provides dense 11 lower troposphere soundings over target regions. The large variation of water vapor in the 12 troposphere causes strong signal multipath, which could lead to systematic errors in RO 13 retrievals with the geometric optics (GO) method. The spaceborne GPS RO community has 14 successfully applied the Full Spectrum Inversion (FSI) technique to solve the multipath 15 problem. This paper is the first to adapt the FSI technique to the ARO measurement with its 16 unique perspective of having a receiver traveling on a non-circular trajectory inside the 17 atmosphere. 18
Theoretical derivation of FSI for airborne RO measurements 23
The FSI method recognizes the RO signal recording as radio waves of different frequencies 24 determined by the refractive index of the media through which they pass, and accounts for 25 interference of waves with different frequencies. Each wave with its unique frequency 26 corresponds to one single ray path in the GO application. The FSI retrieval of J03 is based on 27 the assumption that the Fourier transform of the RO signal, which is computed using the method 28 of stationary phase, can identify unambiguously the multiple frequencies present in the signal 29 at a given time when certain conditions are met. 30
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= . (3) 10
The impact parameter (a) of a signal ray is defined as (Kursinski et al., 1997 ) 11
Using eq. 4 and taking n = 1 at the GPS position, the angle φ GPS (see Fig. 1 ) can be calculated 13 as 14
(5a) 15
In the case of ARO, φ rec = π/2 refers to the local horizon or zero elevation, whereas φ rec > π/2 16 refers to the positive elevation and φ rec < π/2 refers to the negative elevation (see X08 for 17 detailed description of positive and negative elevation angles). Therefore, φ rec for positive and 18 negative elevation angles are given by eq. 5b and 5c, respectively as: 19 (5c) 21
The bending angle (α) can then be calculated as 22
23
To take into account the oblateness of the Earth, Syndergaard (1998) showed that the inversion 11 of the RO data should be performed assuming local spherical symmetry tangential to the Earth's 12 ellipsoid. 13
In our current approach, we account for the oblateness of the Earth by calculating the local 14 center of curvature for each occultation event. After oblateness correction, a correction has to 15 be applied to account for the non-spherical trajectories of the receiver and the transmitter. In 16 the current algorithm, the correction for non-spherical trajectories has been performed by 17 projecting the position of both the receiver and the transmitter at each epoch to a circular 18 trajectory. Figure 1 shows the schematic diagram of the projection of GPS signal from a non-19 circular receiver trajectory onto a fixed radius circular trajectory in the occultation. Similarly, 20 the method is applied to the GPS orbit to allow its projection onto a circular orbit. The figure  21 shows the receiver at position P with radius R rec relative to the local center of curvature O. The 22 projection is done along the direction vector of the ray at P, which is determined from the 23 occultation geometry and bending angle at the receiver height obtained from the CIRA+Q 24 refractivity climatological model (Kirchengast et al., 1999) . The first estimate of the projected 25 position is determined using the triangle formed by the joining the origin, O, with P and the 26 point where the direction vector at P intersects the reference circular trajectory with radius R rec,0 . 27 However, the refractivity difference between P and the projected position causes the ray to 28 bend, which is approximated by multiplying the straight line projection by the mean refractive 29 index ( I1J ) between the original position and the projected position. As shown in the figure, 30 this projection from position P to P 0 leads to a change in the total phase (phs), zenith angle (φ), 31
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where, d is the geometric phase, i.e., GPS-receiver line-of-sight distance, and the excess phase 6 (exphs) is the difference between the total phase (phs) and geometric phase (d). 7
Since the GPS is located outside the Earth's atmosphere, the refractive index at the GPS altitude 8 is 1. Therefore, the corresponding change in phase at the GPS (dph GPS ) is given by 9
10
After the projection at each epoch, the new trajectories of both GPS and receiver become 11 circular relative to the local center of curvature. These additional phase terms introduced by the 12 projection are included into the new total phase (for the circular trajectories), i.e., the sum of 13 the original total phase (d+exphs) plus the phase addition terms resulting from the projection 14 for both GPS and receiver, such as 15
When these projections are applied, both R rec and R GPS become constants, and the two radial 17 terms in eq. 2 become zero. After the adjustment, FSI is applied to the modified signal phase 18 and the original signal amplitude with both GPS and receiver on circular trajectories. 19 20
Estimation of the bending angle at local horizon 21
In the case of airborne RO measurements, the impact parameter 
( ) . (19) 18
When the bending angle, α(a), for a given atmospheric profile is known, θ(a) can be calculated 19 as follows: 20
The integral in eq. 19 can be computed after the open angle θ(a) is derived from a given α(a) 22 using eq. 20. The complex signal F(a) can then be calculated by assuming B(a) is a constant. 23
The total phase and amplitude of the simulated GPS signal can be obtained from the complex 24 phase function u(θ). The excess phase of the signal can be derived by subtracting the GPS-25 receiver LOS distance from the simulated total phase. The excess Doppler can be further 26 derived by taking the derivative of the excess phase. 27
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In this FSF forward model, the input atmospheric condition is represented by a bending angle 1 profile. In this paper, the atmospheric temperature, pressure and water vapor mixing ratio was 2 first used to calculate the atmospheric refractivity profile followed by the forward Abel 3 transformation (e.g., Xie et al., 2008) profiles from the ARO sounding region are shown in Fig. 3 (a) and 3(e), respectively. Very 26 moist atmosphere with high mixing ratio ~20 g/kg is seen near the surface that decreases rapidly 27 at higher altitude. Above 10 km, the temperature reduces to around 250 K (-23.15 °C), which 28 leads to a very dry atmosphere and the contribution of water vapor to atmospheric refractivity 29 becomes negligible in comparison with that of temperature. Figure 3(b) shows the excess phaseand excess Doppler obtained from the FSF forward simulator. The excess phase increases 1 monotonically as a function of time, whereas, its derivative, the excess Doppler, becomes non-2 monotonic function of the time starting at ~1500 s (see inset figure) . Such behavior in Doppler 3 is a strong indication of signal interference due to multipath. The multipath is further illustrated 4 by the times series of the signal amplitude in Fig 3(c) , which shows large variations around 5 ~1500 s. This signal amplitude variation is caused by superposition of multiple signals with 6 varying frequencies. When the phase and amplitude are calculated from the Fast Fourier 7
Transform (FFT) of the bending angle profile in eq. 18, the function u(θ) is divided into two 8 separate segments for positive and negative elevation angles based on the local horizon. 9
Windowing and tapering at the edges using sinusoidal function are then applied to each of the 10 positive and negative elevation components to avoid adding spurious components during the 11
FFT. This tapering creates artificially low amplitude at 600s where the separation point of the 12 two tapered segments locates. 13
Similarly, the occultation phase and amplitude time series are also divided into positive and 14 negative elevation parts for the inversion retrieval, followed by a similar sinusoidal tapering at 15 the edges, so this amplitude variation near the zero elevation angle does not affect the retrievals. 16
The time epoch of the local horizon (zero elevation) is estimated by the GO ray-tracing 17 simulation with the CIRA+Q bending angle model and the given occultation geometry. 18 bending angle near zero elevation when the tangent point is near the receiver. This feature is 23 present for both the GO and FSI methods. In the case of FSI retrievals, these errors arise from 24 the large phase correction resulting from projecting the non-spherical trajectory to the spherical 25 trajectory in eq. 7. The second feature is the large errors in the GO bending angle retrieval 26 associated with multipath in the lower troposphere. The inset in Fig. 3(d) shows that the GO 27 retrieved bending angle below impact height of 3 km (corresponding to geometric height ~1 28 km) deviates significantly from the input bending angle, whereas the FSI retrieval follows 29 closely to the true (input) bending angle. The FSI is capable of resolving the sharp bending 30 angle structure in the presence of multipath as a result of a significant changes in moisture 31 and/or temperature gradients near the surface.the noisy retrieved bending angle (e.g. top 250 m below the receiver height) with the simple 23 bending angle model constrained by the in-situ refractivity at the receiver, the refractivity errors 24 near the receiver are almost completely removed for both GO and FSI retrievals. This correction 25 of bending angle near the receiver is necessary for ARO retrievals because the errors at the top 26 propagate downwards during calculation of refractivity using the Abel transformation, which 27 adds artificial bias to the retrieved refractivity. 28
In the lower troposphere, on the other hand, the large refractivity errors in the GO retrieval in 29 the lowest 1 km are due to the bending angle retrieval error in the presence of multipath. The 30 FSI, on the other hand, resolves the fine vertical structure of both bending angle and refractivity 31
direction (e.g., Murphy et al., 2015) , and finally Gaussian noise was added to the amplitude to 23 represent the variations in the ARO amplitude measurements. 24
( 21) 25 where, SNR 0 is the amplitude simulated using the ray tracing method, and k 1 , k 2 , a and b are 26 constants that determine the shape of the resulting amplitude. Figure 4(a) shows the amplitude 27 simulated by using the ray tracing method (blue) and the modified noise-added amplitude (red). 28
In the simulation, the Gaussian noise power is assumed to be 1% of the peak signal power. The 29 ARO measurements from the PREDICT campaign show the peak SNR (SNR is the amplitude 30 scaled by the noise level) of ~200 v/v and the low SNR of ~15 v/v near the noise floor, when 31
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assumed to be only a function of temperature and pressure. To quantify the sensitivity of the 23 FSI retrieval to the refractivity measurement error at the receiver, a Gaussian noise of 1% in the 24 refractivity (~2K error in temperature) at the receiver is added. Fifty realization of random 25
Gaussian noise were added to the base refractivity at the receiver and the statistics of the FSI 26 retrieval errors are then compiled. 27 The end-to-end simulation system was also used to quantify the sensitivity of the FSI bending 25 and refractivity retrievals to the noise in two key parameters including the signal amplitude and 26 the refractivity at the receiver. The FSI retrieval showed a weaker sensitivity to signal amplitude 27 errors as compared to the refractivity errors at the receiver. Even the abrupt changes in signal 28 amplitude do not introduce systematic bias to the retrieval, as long as the SNR is high. The 1 % 29 in-situ refractivity errors at the receiver height could introduce a maximum refractivity retrieval 30 error of 0.5 % (1 K) near the receiver but decreasing gradually to ~0.05% (0.1 K) near the 31 Atmos. Meas. Tech. Discuss., doi:10.5194/amt-2015 Discuss., doi:10.5194/amt- -378, 2016 Manuscript under review for journal Atmos. Meas. Tech. 
